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Kinetic mixing is a fundamental property of models with a gauge symmetry involving several
U(1) group factors. In this paper, we perform a numerical study of the impact of kinetic mixing on
beta functions at two-loop. To do so, we use the recently published PyR@TE 2 software to derive
the complete set of RGEs of the SM B-L model at two-loop including kinetic mixing. We show that
it is important to properly account for kinetic mixing as the evolution of the parameters with the
energy scale can change drastically. In some cases, these modifications can even lead to a different
conclusion regarding the stability of the scalar potential.
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I. INTRO
Renormalization group equations (RGEs) play a cen-
tral role in studying the high-energy behaviour of ex-
tensions of the Standard Model (SM). The RGEs for an
arbitrary gauge field theory at two-loop have been known
for a long time [1–6] and their derivation for specific mod-
els has been automated in [7, 8]. An extra complication
arises when the gauge structure contains multiple U(1)
group factors as kinetic mixing can occur. This intro-
duces 12n(n − 1) extra dynamical parameters for each
of which RGEs must be calculated. In addition, kinetic
mixing induces modifications to the RGEs of the other
parameters that also need to be taken into account for
consistency. This work was carried out in [9, 10] for
∗ flyonnet@smu.edu
the gauge couplings and extended in [11] for the dimen-
sionless parameters at two-loop. Recently, an alternative
method was presented in [12] in which the modifications
to the RGEs for the dimensionful parameters are also
derived. We implemented the method of [12] in the new
version [13] of the computer code PyR@TE [7] which
allows us to simply derive RGEs for a given model at
two-loop taking into account kinetic mixing.
In this note we show that the impact of such kinetic
mixing can be important for the high-energy behaviour
of the theory parameters. To do so, we study the RGEs
of the SM B-L model in which the SM has been supple-
mented by an additional U(1)B−L group factor. We start
in Sec. II by giving some details on how the kinetic mix-
ing is implemented in PyR@TE. Sec. III summarizes the
principle properties of the SM B-L model while Sec. IV is
devoted to the study of the impact of kinetic mixing on
the running of its parameters. Finally, our conclusions
are presented in Sec. V.
II. KINETIC MIXING IN PYR@TE
Let’s first consider a gauge field theory with n U(1)
group factors G×U(1)1×U(1)2×· · ·×U(1)n where G cor-
responds to the non Abelian part of the gauge structure.
Gauge invariance then allows one to write the following
term in the Lagrangian:
L ⊃ ~Fµνξ ~Fµν , (2.1)
where ξ is an n × n symmetric matrix, and Fµν is the
vector of the n field strength tensors associated to the n
gauge groups U(1)i, i = 1 . . . n. This indeed introduces
1
2n(n−1) extra dynamical parameters. These additional
parameters can be exchanged by corresponding effective
gauge couplings that populate the off-diagonal entries of
an extended gauge coupling matrix G = G˜ξ−1/2 [12].
Of course the two approaches are equivalent and one can
recover the results obtained working with ξ by performing
suitable rotations.
The advantage of the effective gauge coupling method
is that it does not require the introduction of new pa-
rameters ξ and their RGEs but only promotes the gauge
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2Field Quantum Numbers
QL (3,2,1/6,1/3)
uR (3, 1, 2/3, 1/3)
dR (3, 1, −1/3, 1/3)
LL (1, 2, −1/2, −1)
eR (1, 1, −1, −1)
νR (1, 1, 0, −1)
H (1,2, 1/2, 0)
χ (1, 1, 0, 2)
Table I: Particle content of the SM B-L model and their
quantum numbers under
SU(3)c × SU(2)L ×U(1)Y ×U(1)B−L.
couplings to a non-diagonal matrix. The modifications
due to kinetic mixing on the beta functions of the other
parameters can be expressed as more or less complex re-
placement rules [12]. For instance one has
g3S(R)→ G
∑
p
WRp (W
R
p )
T , (2.2)
with S(R) the Dynkin index of representation R. The
sum p runs over all the fermions (R = F ) or scalars
(R = S). Finally, WRi ≡ GTQRi , with QRi the vector
of Abelian charges of the field i in the representation
R. All the replacement rules derived in [12] have been
implemented in the computer code PyR@TE at two-loop.
III. SM B-L
Our goal is to assess the size of the modifications due to
kinetic mixing on the running of Lagrangian parameters.
In order to do so, we will concentrate on the SM extended
by an additional U(1)B−L group factor, i.e. B-L is pro-
moted to a gauge symmetry. We will assume that we have
an extra singlet scalar χ transforming as ∼ (1, 1, 0, 2) un-
der SU(3)c×SU(2)L×U(1)Y ×U(1)B−L. In addition, we
will consider three right-handed neutrinos ∼ (1, 1, 0,−1).
This model has been extensively studied, in particular in
the context of dark matter modeling, and constraints on
the parameter space have been recently derived in [14].
A. Lagrangian and symmetry breaking
Table I list all the particles in the model along with
their quantum numbers under SU(3)c×SU(2)L×U(1)Y ×
U(1)B−L gauge symmetry. Note that our setup is iden-
tical to [15].
With two scalars the most general scalar potential con-
tains 5 parameters and reads
V (H,χ) = µHH
†H + µχχ†χ+ λ1
(
H†H
)2
+ λ2
(
χ†χ
)2
+ λ3
(
H†H
) (
χ†χ
)
. (3.1)
The two scalars take the following vacuum expectation
values (VEVs), leading to spontaneous symmetry break-
ing (SSB)
< H >=
1√
2
(
0
v
)
, < χ >=
v′√
2
. (3.2)
The minimization conditions lead to the following expres-
sions for v and v′
v2 =
µ2χλ3/2− µ2Hλ2
λ1λ2 − λ23/4
, (3.3)
v′2 =
µ2Hλ3/2− µ2χλ1
λ1λ2 − λ23/4
. (3.4)
After SSB, the two neutral scalars mix leading to two
physical states of mass m1,2. Defining the mixing angle
between the two scalars, θ, one can derive the following
relations [15]
λ1 =
m21
4v2
(1 + cos 2θ) +
m22
4v2
(1− cos 2θ) ,
λ2 =
m21
4v′2
(1− cos 2θ) + m
2
2
4v′2
(1 + cos 2θ) ,
λ3 = sin 2θ
(
m22 −m21
2vv′
)
. (3.5)
There is an additional mixing angle, α, in the gauge
sector which has been tightly constrained by LEP [16],
|α| ≤ 10−3, and the masses of Z and Z ′ bosons in this
limit can be approximated by
MZ ' v
2
√
g22 + g
2 ,MZ′ ' v
2
√
g˜2 + (4g′v′/v)2 , (3.6)
in which g2 is the gauge coupling of the SU(2)L gauge
group and
(
g g˜
0 g′
)
are the Abelian gauge couplings in the
upper triangular basis which is linked to G ≡
(
g11 g12
g21 g22
)
via the rotation
G˜ = G ·
(
cosφ − sinφ
sinφ cosφ
)
, (3.7)
cosφ =
g22√
g222 + g
2
21
, sinφ
−g21√
g222 + g
2
21
. (3.8)
Finally, the Yukawa interactions of the model are dic-
tated by the following Lagrangian
− LY = Y ijd QiLHdjR + Y iju QiLH˜ujR + Y ije LiHejR
+ Y ijν L
iH˜νjR + Y
ij
N (ν
i
R)
cνjRχ+ h.c. . (3.9)
After SSB this leads to the following mass term for the
neutrinos
−LνY = Y ijν
v√
2︸ ︷︷ ︸
Mijd
(νiL)
cνjR +
1√
2
Y ijN v
′︸ ︷︷ ︸
1
2M
ij
m
νiRν
j
R + h.c. , (3.10)
3which requires Yν ∼ O(10−6) for light neutrinos while
YN ∼ O(1) for heavy right-handed neutrinos in the TeV
range, see [15].
B. Parameters and stability
In the numerical analysis, we will neglect the Yukawa
couplings, Ye, Yd, Yν , and retain only the top Yukawa
coupling,1 yt. For simplicity, the right-handed neutrino
Yukawa will be reduced to Y ijN = δ
ijyN .
For the numerical analysis, we select the following set
of parameters
B = {θ,MZ′ ,Mm, g′, g˜,m1,m2} , (3.11)
from which we derive initial values for
{v′, yN , λ1, λ2, λ3, µH , µχ}. Indeed, v′ can be ex-
tracted from Eq. (3.6) and the knowledge of MZ′ , g
′
and g˜; yN is obtained directly from Eq. (3.10) whereas
the values of the quartic couplings λ1, λ2, λ3 result from
Eq. (3.5). Finally, the initial values for the Lagrangian
mass parameter, µH and µχ are fixed via the mini-
mization conditions, Eq.(3.3) and Eq.(3.4). The SM
Higgs mass is identified with the physical scalar mass
m1 = 126 GeV.
It is well known, that the stability of the scalar poten-
tial is achieved by the following conditions [15]
λ1 > 0, λ2 > 0, 4λ1λ2 − λ23 , (3.12)
which we will investigate in the next section.
IV. EFFECT OF KINETIC MIXING AT
TWO-LOOP
The RGEs for the SM B-L as derived with PyR@TE
have been given recently in [13] which we refer to for the
full expressions and details. Our goal here is not to obtain
precise conclusions regarding the physics of the model at
hand. It is rather to quantify the impact of kinetic mix-
ing one can expect in a physical situation on the running
of the parameters. Therefore, we neglect the electroweak
matching conditions as well as the scalar threshold cor-
rections due to the heavy Higgs. These corrections would
not affect our conclusions regarding the amplitude of the
impact of the kinetic mixing. The initial values of all the
parameters are set at the scale of the Z-boson mass, MZ ,
and evolved to 1019 GeV using C++ routines as provided
by the PyR@TE package.
A. Running of the parameters
To begin, we simplify the situation and select a sce-
nario in which there is no mixing between the two scalars,
1 Where yt is third diagonal entry of Y 33u .
i.e. θ = 0. In addition, we set g˜ = 0 and will investi-
gate the effect of g˜ 6= 0 later. Note that this does not
correspond to neglecting kinetic mixing as it is gener-
ated automatically by radiative corrections. The mass
of the new heavy gauge boson MZ′ is set to 2.5 TeV
which is in the ballpark of the recent exclusion limits
derived in [14]. Finally, we set the mass of the heavy
Higgs to 750 GeV. Note that the value of the input pa-
rameters are chosen to be representative of the situation
but are not fine tuned in any way and the size of the
effects obtained with different numerical values are very
similar. This first benchmark point will be referred to as
B1 = {0, 2500, 1000, 0.2, 0, 126, 750}, see Eq.(3.11) where
the dimensionful parameters are given in GeV.
Fig. 1 shows the running of some of the parameters
of the B-L model when the kinetic mixing is fully taken
into account at two-loop or neglected. More specifically,
the gauge couplings g11 and g12, the quartic couplings
λ1, λ2, λ3 and the Yukawa couplings yt and yN are
shown. On Fig. 2 we display the corresponding ratio
of the beta functions including kinetic mixing over the
beta functions neglecting kinetic mixing.
While the impact on the gauge couplings is somewhat
limited to 1-3 % it reaches 2-6% for the Yukawa couplings
at the GUT scale. For the quartic couplings, the change
is dramatic and deserves some comments.
(i) λ1 actually goes to zero when the kinetic mixing is
neglected, see Fig. 1, causing the ratio to blow up;
(ii) λ2 gets large kinetic contributions at one-loop of the
form ∼ g2λ and ∼ g4 coming from ΛSabcd and Aabcd
in the notation of [3]. Moreover, there is a back
reaction coming from the impact of kinetic mixing
on λ3 since βλ2 ∼ 2λ23. These effects ultimately lead
to a ratio of 1.5 at 1010 GeV;
(iii) the kinetic mixing in λ3 is such that it turns the sign
of the beta function around, from negative to posi-
tive at a scale of about 108 GeV, ultimately leading
to a positive λ3 at a scale of 10
12 GeV.
Therefore, as expected the impact of kinetic mixing is
governed by the evolution of the off-diagonal effective
Abelian gauge couplings, g12, g21. In Fig. 3, we show the
running of these two gauge couplings with the energy.
It is important to note that the values of these gauge
couplings stay perturbative all the way up to the Planck
scale and that the effects seen in the other parameters are
not the result of extreme values of the gauge couplings.
B. Stability of the potential
As we have already seen, the impact of kinetic mixing
can be quite large on the running of the different param-
eters. In this section, we investigate how this translates
in terms of the stability conditions, Eq. (3.12).
Fig. 4, shows the stability condition 4λ1λ2 − λ23 with
and without kinetic mixing for B1. The difference in this
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Figure 1: Running of the parameters in the B-L model in the case where the kinetic mixing is taken into account
(solid lines) or neglected (dashed lines), for the benchmark point B1. See text and figure title for the value of the
input parameters. The parameters plotted are g1, g12, yt, yN , λ1, λ2, λ3.
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Figure 2: Ratio of the couplings taking into account or neglecting the kinetic mixing. The parameters plotted are
g1, g12, yt, yN , λ1, λ2, λ3. The initial values are those of B1.
case is striking as the scenario develops an instability
at around 1012 GeV when kinetic mixing is accounted
for. This behaviour is actually simple to understand as
the instability is the direct consequence of λ1 turning
negative at around the same scale, Λ ∼ 1012 GeV.
One might think that such a drastic change in re-
sults is limited to a small region of the parameter space,
however that is not the case. Indeed, one can eas-
ily find regions where even the opposite situation hap-
pens, i.e. where the kinetic mixing rescues the stabil-
ity of the potential. Fig. 5 shows such an example, for
B2 = {0.1, 2500, 1100, 0.2, 0, 126, 800}. This scenario is
the result of several competing effects.
(i) θ 6= 0 leads to λB23 (MZ) λB13 (MZ) which remains
true at all scales, see Eq. 3.5.
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Figure 3: Running of the Abelian off-diagonal gauge
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Figure 4: Stability condition for the benchmark point
B1 of the B-L model in the case where the kinetic
mixing is (solid line) or is not (dashed line) taken into
account. The impact of kinetic mixing in this case leads
to different conclusions.
(ii) λ1(MZ) ∼ m22/(4v2)(1 − cos 2θ), therefore θ 6= 0
greatly increases λ1(MZ) which leads to λ1 > 0 at
all scales.
(iii) Finally, λ2 gets large kinetic corrections sufficient
to overcome the increase in λ3.
One more thing to note is that the mass of the heavy
Higgs plays a crucial role here. The initial values of λ1,2,3
decrease with m22(MZ) and for m
2
2(MZ) ∼ 500 GeV or
lighter, λ2 quickly runs negative without kinetic mixing
leading to an unstable potential.
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C. Impact of g˜
Finally, we investigate the impact of the value of g˜
on the running of the parameters and the stability of
the potential. To do so, we consider B1 but with g˜ ∈
{0., 0.05, 0.1, 0.15}. The results are presented in Figs. 6
and 7 in which we show the running of the stability con-
dition and the corresponding quartic couplings for dif-
ferent values of g˜ respectively. Values of g˜ > 0.15 will
lead to non-perturbative couplings at the highest ener-
gies around 1019 GeV (not shown). The spread in λ1,2
values, Fig. 7, due to different values of g˜ is 35% and 15%
respectively at the scale 1010 GeV while the λ3 parame-
ter is extremely small for g˜ = 0 resulting in a spread of
two orders of magnitude at the same scale.
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Figure 6: Stability condition in the B1 benchmark point
for several values of g˜ ∈ {0, 0.05, 0.1, 0.15}.
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D. Two-loop kinetic mixing contribution
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Figure 8: Running of some of the couplings of the B-L
model for benchmark point B3. We show the ratio of
predictions including the full two-loop corrections
coming from kinetic mixing over those including only
the corrections up to two-loop order in the gauge
couplings and one-loop elsewhere.
In this last part we focus on determining the amplitude
of the kinetic mixing contributions at two-loop versus the
one-loop order ones. To do so, we consider the two-loop
beta functions without kinetic mixing to which we add
either the two-loop, or one-loop order corrections coming
from kinetic mixing. For simplicity, we keep the kinetic
mixing contribution up to two-loop in the gauge cou-
plings but switch on and off the two-loop order contribu-
tions in the other parameters. This would correspond to
a simplified implementation of the rules of [12] in which
the more involved replacement rules are ignored, and in
particular the ones involving the scalar generators.
Fig. 8 shows ratios of couplings at two-loop as a func-
tion of the scale, in which the numerator is the coupling
including the whole set of two-loop kinetic contributions,
while the denominator is the same coupling in which only
2 4 6 8 10 12 14 16 18 20
0.0015
0.0020
0.0025
0.0030
0.0035
0.0040
4λ
1
λ
2
−
λ
2 3
1L kin.
full kin.
2 4 6 8 10 12 14 16 18 20
t= log10(Q
2/M 2Z)
1.00
1.02
1.04
1.06
1.08
1.10
1.12
1.14
R
θ= 0. 05, MZ ′= 2500 GeV, Mm = 1000 GeV, m2 = 750 GeV, g˜= 0. 1
Figure 9: Stability condition in the B-L model for
benchmark point B3. We show the predictions including
the full two-loop corrections (dashed line) coming from
kinetic mixing and those including only the corrections
up to two-loop order in the gauge couplings and
one-loop elsewhere (solid line).
the one-loop kinetic mixing contributions have been re-
tained 2. The benchmark point, B3, used here is defined
by B3 = {0.05, 2500, 750, 0.2, 0.1, 126, 1000}. The ratios
are below 1% for the parameters µH , µχ and yN , whereas
for the quartic terms, they are typically larger than 1% at
the scale 1010 GeV and can reach 5% at the GUT scale.
The corresponding effect on the stability condition,
Eq.(3.12), are shown in Fig. 9. In the upper panel, the
dashed line represent the stability condition in the case
where all the corrections are included while the solid line
is the result of retaining only the one-loop kinetic contri-
bution. From the bottom panel, showing the ratio, it is
easy to extract that the difference in the two approaches
can be of the order 10%.
2 Note that for the gauge couplings, the two-loop contributions are
also taken into account.
7While B3 is a particular point in the parameter space,
it illustrates that neglecting the two-loop contributions
coming from kinetic mixing might lead to an error of the
order a couple of percents. In addition, it is not un-
likely, that in some combinations of couplings like the
stability condition of Eq.(3.12) these differences are en-
hanced leading to larger discrepancies. Furthermore,
since contributions from the kinetic mixing terms and the
base beta functions mix together, a coherent perturba-
tive treatment at two-loop demands to take into account
contributions coming from kinetic mixing at the same
order.
V. CONCLUSION
Kinetic mixing is a fundamental property of models
with an extended Abelian gauge structure like the SM
B-L. Taking into account the kinetic mixing in the RGEs
at two-loop is a complex procedure. To this end, we
have consistently implemented the kinetic mixing at two-
loop in the software PyR@TE. Therefore, these models
now benefit from the same level of automation as their
counterparts without kinetic mixing.
After reviewing the theoretical setup of the SM B-L,
we studied in detail the impact of kinetic mixing on the
running of the parameters of the model. We showed that
neglecting the kinetic mixing can lead to erroneous con-
clusions regarding the stability of the scalar potential.
In addition, we studied the impact of the kinetic mixing
contributions at two-loop and showed that they can be
significant with respect to their one-loop counterparts.
Of course, our goal was only to illustrate that the fea-
tures of a model can dramatically change when prop-
erly accounting for kinetic mixing; a careful treatment of
the electroweak matching conditions and scalar threshold
corrections would be required to draw detailed physical
conclusions regarding the B-L model investigated here.
We leave this to future work.
We believe that the order of magnitude of the effects
exemplified with the SM B-L can be similar in other mod-
els and that taking kinetic mixing into account is crucial
to obtain meaningful results. This is now a simple task
thanks to PyR@TE.
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